Abstract Cardiac restitution has been described both in terms of ionic models -systems of ODE's -and in terms of mapping models. While the former provide a more fundamental description, the latter are more flexible in trying to fit experimental data. Recently, we proposed a two-dimensional mapping that accurately reproduces restitution behavior of a paced cardiac patch, including rate dependence and accommodation. By contrast, with previous models only a qualitative, not a quantitative, fit had been possible. In this paper, a theoretical foundation for the new mapping is established by deriving it as an asymptotic limit of an idealized ionic model.
Introduction

Background information
When a small piece of cardiac muscle is subjected to a sequence of brief electrical stimuli whose strength exceeds a critical threshold, the muscle cells respond by producing action potentials, see Fig. 1 . The duration of action potential refers to the period when the voltage is elevated above its resting value. The interval between the time when the voltage returns to its resting value 1 and the next stimulus is called the diastolic interval. We use the acronyms APD for action potential duration; DI for diastolic interval; and, assuming periodic pacing, BCL for the interval between stimuli, also known as basic cycle length.
There is great interest in cardiac restitution: i.e., determining how, under repeated stimulations, each APD depends on previous history. This is a key step in a program to understand how arrhythmias arise and sometimes progress to sudden cardiac death [1, 2, 12] (http://www.hrspatients.org/patients/heart disorders/cardiac arrest/default.asp). Restitution information from experiments is often presented in one of a variety of restitution curves. A restitution curve is a graph of APD versus DI; to distinguish between the 1 To be precise, one needs to specify a level of accuracy for the phrase "resting value". In experiments, this is often interpreted to mean 90% repolarization: i.e., in symbols, 
where A n denotes the duration of the nth action potential, D n denotes the duration of the nth diastolic interval, and G(D) is a monotone increasing function of the diastolic interval. If B denotes the BCL with which the stimuli are applied, then D n = B − A n , see Fig. 1 . Substituting into Equation (1), we see that in this model the sequence A n is determined recursively by iteration of a 1D mapping. If the data in Fig. 2 were described by a model of the form of Equation (1), then the thin curve in the figure would be the graph of G. Despite its successes, the Nolasco-Dahlen model misses many important phenomena. In particular, it does not capture any memory effects [6, 10, 14] . To illustrate this, consider tissue that, after repeated pacing with period B 0 , has achieved a steady-state response. Then, suppose the BCL is abruptly decreased to a new value and held there. According to Equation (1) Fig. 2 . Moreover, evolution toward the steady state is very slow, much slower than other time scales in the data. This behavior is contained in the restitution portrait [11] , which presents several different restitution curves in a single figure.
The goal of this paper
In Schaeffer et al. [17] , we introduced a 2D mapping and chose parameters that gave a quantitatively accurate description of the full restitution portrait [11], measured from a bullfrog ventricle. The present paper is concerned with this model, but we study its theoretical foundations rather than apply it to fitting experimental data.
A mapping provides a flexible way to fit restitution data from experiments, but it suffers from the limitations of a phenomenological model. For example, a more complete description of propagation of action potentials in extended tissue is provided by a more fundamental type of model, an ionic model. For a single cell or a small piece of tissue, an ionic model consists of a system of ODEs that specifies how the voltage
